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Abstract The double Fourier series (DFS) spectral dynamical core is evaluated for the two
idealized test cases in comparison with the spherical harmonics (SPH) spectral dynamical core.
A new approach in calculating the meridional expansion coefficients of DFS, which was
recently developed to alleviate a computational error but only applied to the 2D spherical shal-
low water equation, is also tested. In the 3D deformational tracer transport test, the difference is
not conspicuous between SPH and DFS simulations, with a slight outperformance of the new
DFS approach in terms of undershooting problem. In the baroclinic wave development test, the
DFS-simulated wave pattern is quantitatively similar to the SPH-simulated one at high resolu-
tions, but with a substantially lower computational cost. The new DFS approach does not offer a
salient advantage compared to the original DFS while computation cost slightly increases. This
result suggests that the current DFS spectral method can be a practical and alternative dynami-

cal core for high-resolution global modeling.
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“=(Fourier series)S, HEWIozE HF ===
t}3}4] (associated Legendre polynomial)g E-&-3hc},
o] F Al7ke] Bo] A8 HE FE2 EF=E 43}y
H3E Hgolt), MEe WEFo o] Az JiFE
Nol2haL P& o, 2H=E tiy o] HEk2 V)
o] AMRE ast, Bl 3 s ET 59
G5 Aklge] 7lsH A oRE sojue 540l 3
ot old ©HS B Qs EHEE oak W
3 &5 8 A& ste WHEe] JdEV|E ok
(Suda, 2005; Tygert, 2008).

SPHE] ALt £&& /Mdsr] fgk A WL
2 o]F ¥Fg|o| F4(double Fourier series, DFS)E 7|
AR AMgste B8 a7 AdE AT FH
z3petre] sANE gEdrol7|e g FEdd
= W& Al & o] W3 (fast Fourier transform,
FFT) (Cooley and Tukey, 1965)°]8} E2l= dxz&
< A8F F oA 28EHE Akl OW-logN)
FFol7] wWie B2 tels] HEkEg E4 o
WEA AL ¢ Qo o] & EUE TR of
Yzt GEge 2 g §5E 483 DFS7
FotE A th(Merilees, 1973; Orszag, 1974). H]= DFS
7} SPHel| Hlall ¥ 1] BE Lol dAT a4
5 7HA Eabd, dESE nE 52 gEeAet
(Laplacian) 4ke] © Egsitte @S 7 2
A, ALt Sx7F H wE7] o2 oleld #AE
< FHEIH FY FRED f-&A AHE
$1tH(Cheong, 2006; Koo and Hong, 2013; Park et al.,
2013; Yoshimura, 2022).

THo|A DFSE ARMg-sh= Ao tish o|&4 A%
A4 197080 271 ATllA oln] FHE Stk Merilees,
1973; Orszag, 1974). °|5& H&u3 7|AgrE &
AEEF ghepol] mhet AEEHA A8 s wel 7 9
oA EdEdo] glo] DFS7F 28 F ASS B
o} A2 FHAA ZolE W 4] (Poisson equation)
< % dl DFS7F -85 Ah(Yee, 1981). 221} DFS
= A7 9]¥€4 A (time dependent problem)oll= 7]
o] AREER] R A7 o)EF L] £XF E
ool DFS7} AH&-E 7%, SPHol Hla] =Y E<QHY
go] A F7kst7] W&ol tk(Boyd, 1978). A7+ 9
A A= FH2oloF AR bR 7] A2
TH(Cheong 2000a; Cheong 2000b; Cheong et al., 2002;
Cheong et al., 2004). &&= Cheong (2000a, b; ©]|3}
C2000y= MZL Fele] DFS 7IAg4S 2lst,
g 71A <ol 719keE DFSE o]-8-38le] Eols v
A28k olUE} H4= W7 2] (shallow water equation)
o] FAHE & F IS BATE 53], SPH tiH]
A= & Zo|7t AT ALt A7k TA Foim
S B3 Cheong (2006)S 32+ DFSE 7jat

l

Sh=17)48ks 7] A133E 43 (2023)

o] =} AL T EA

o,

7F

shaXx, Az o= wEA Aakshs 2 3H(gravity wave)
of &g B¢y e S5 F e FrIA Al
7+ A& (semi-implicit time integration) (Hoskins and
Simmons, 1975) 7192 A|otslSit}. o] #HLS Global/
Regional Integrated Model system (GRIMs) (Hong et
al., 2013; Koo et al., 2023)° % &5 o0 (Park
et al., 2013), GRIMs-SPHS} GRIMs-DFS+ 97] o &
g AE B oA FAKSE Aol gl ATHK 0o
and Hong, 2013; Park et al., 2013).

Z < Yoshimura (2022, Y2022)= MZL W9
DFS H533F 71435 AMbg S AAlSHAT o] %
HE 715 C2000004 AAE WE I ¥asklS o
DFSel| thdt %7]19] o]22 <7(Orszag, 1974; Boyd,
1978)ll4 =& AR M3t 24 o & Fefst
e 548 7K AR F7HER ALHE STt

stthe @ A ZEA AL QlTh Y2022 A

< WHE O Fo 7 AF A4 Eold A
|3l wo2M 7|1 tiH] HwF JRAE SR EE T
A3 & AEes BAov AA 3k di7|Rd R
FHEA = Zodtt.

2 AFe T E AT SRR HolA DFSe] %
AL olalslz] AAs 20002+ Y20225 GRIMsell 44
S} 7]¥ GRIMs-SPH (Sela, 1980; Kanamitsu, 1989)
o} Bl w-EA ST 2000 GRIMsel Z2tEo] 3l
+ GRIMs-DFSE ARS-3ITH WHA, Y2022 71& 23
d RYS 3o R ggate] GRIMsel o] 4kt
SPH ti¥] DFSe] A= 9 At 8842 F 71
o438} 418 (idealized testyS F3 H7Fsldch A W
A AR BE olF Ao, F A AP A
s e Aol

B =2 ot 2ol AT 27gelME C2000
+ Y20220] &70¥ DFS M3 WS zH7 avlsia
7 54S mmsgn 3Pl B ATelM Abg
3 b getse] 4@l MA dal A,
#gNNE T e ARE ANtAL) Ao
5N = T8 AAE a8t o8 EUIE DFS
Wi el &8l s 7hs] =2ttt

2. DFS 2] 474 3 H|
24 olotsiols 7 919 A%, A% HEAN
Ho)E B FO HE T o] Ralstol ALgaet
N img¢
F0.)= 3 F, (0 (0
N
F,(0) = z‘: ‘Fn, mP‘:"(cosg) 2
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olm, = AYEO0° - %), g= AE, mS T
g a4, pe FEAEE v N 3 A (truncated
wavenumber truncation), F, -~ %375, 183 pr
< W ERAEE oS vttt &, SPHE W@
) ARSR B 2R TR (PN A}
88T}, W, DFSE T3 o] A2 E 8-S
THC2000).

N
2 F, ,cosn@ ,m=0
n=0

N
F(0)=y X F, ,sinnd ,m odd 3)
n=1 ’

N-1
2. F, ,sin@sinn@ ,m=2 even
n=1

7] wAAE Fe AN g el wEh
W 1A% Fe thE2A A8gts Aol o=
SPHe| 513 71 A7 7= R8-S BES
3, F(0=0° 180°)°14 5] (singularity)e] 4714
27 3171 Ageltt. dE Eof, mo] 00] ofd W
AN F,ol 00] obd #g Ztetid = FHA &
Agro] WAYE Zlojt),

DFS WHe] A4 7d&
Fol FlA= 2F AT, F F, 2 72 T Aok
sh=d, olE g Azheka FE F
£ 7|Nto 7 & o]ak Falof W3 dFFES o8
st} 73 4= Utk mo)] 20142 A4 A Wl o)E
vz 2438 ¢ gloeH, F0)° sindE Ui H,
ARl Hgke X gt Ao 2 A4S ETHC2000).
S, Y2022+ sinfsinnd 2] AL F, 2 Atsks o
E WS A o] WHe] e AT FL(0)
o} AFE VL sinbsinnd 55 7+ zpolo] Al A
i 5 L2 A5 FHAaslele Aol

2
N-1
E_fg[Fm 6- > F, msin@sinn&j do (4)
n=1
(a) DFS_1 (C2000)
m=0 DCT
F(6,0) DFT E(6) m odd DST For

m>0% F,(0) DST

sinf

P - 389

£ Haiststke AT F, s o] fste] 4 A
#H(least squares method)©] AHE-EH, AFHo 2=
LIS AR ek b3 4k ti2H) ¥ (tridiagonal
matrix)S ¥l AN FHES AX A 5 Aok
ool gk AIS F= P} ALt FFL BF Y2022
o 71&=o] Ut Y2022004 A|Stek HbHL Az
7t d 3 A e Aito] FrtE o] ALkl F718HA]
w2 =7)7F O(N) BEo)= g2 AA| AXFKSPH: OV,
DFS: O(N-logh); Al 178 #a0)7 v 2skie o Al
Hog Awfo|rt. mEbx oJHs] SPHRS] H]aofA]
= Y2022°] DFS7F AIZF 4 o]ide] frasitt.

2 =20l 20005} 2ol sindE WAA AlTE
e WS DFS_I, Y20229) o] HA AFHE
ol-g&3te] AFE Tk WS DFS 28 HHsisith
Figure 1> DFS_13} DFS 2 W3t W& Q0oFste] |
Ehd BAEo|nh FAE, ¥20227F AlRFe WEe &
AgtellA 71t W olfo] HEWEF AT

71 A4 HRL otoltiofdl WMk A oA FHA Al
A5 AL Tl 71A G2 Aol B
3k F7149 R = Orszag (1974)0014 ZolE 4= )
ok sk, 2 (3)F e FE AT FH 919
HEE e 7]e &3t A= C20000] A&
ol glom, B Aydre 53] Ha Ay HHst
o] T84S dotrr] 93l DFS 2004 DFS_13} %
2 7RSS AHEE T

DFS_1¥ DFS_2 W Wge] 545 gotstr] 9
8 Zhzhe] Wge] Yoo YsrE dvh Z 2 Hst
=4 BALE thFig. 2). AHESE 93 FElrt v
IHIERE 7Fs) FFoNA T #hel 002 S-S
73F-(Fig. 2a), FEN7F W25 A RF F=oll 4] 00] ofd
e 7H A$-(Fig. 2b), FolA g ghel 0014
gkl FEiv w92 7d--(Fig. 2c)°lTh
zyzbe] Mgk WO 2 sinfsinnd FFE Bl U,
Al 2 AlFE ARl 98 A5 (reconstruction)
3 AxE w7 sl o 2 el o7|A F
T BE fI8) ARE AR AMg= [0, a] QA

(b) DFS_2 (Y2022)

m=0 DCT
. DFT . :
F(6,0) F(6)—m-0dd DS B,
m>0 even\, DCT ~ Aliagonal
FII.HI

Matrix
Computation

Fig. 1. Schematic diagram for the discretized Fourier transformation process from physical space to wave space in the (a)
DFS 1 and (b) DFS 2. DFT denotes discrete Fourier transform, DST denotes discrete sine transform, and DCT denotes

discrete cosine transform.
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Fig. 2. Comparison of reconstructed functions by the DFS 1 (red) and DFS 2 (blue) runs for the shapes of (a) normal cosine
function, (b) trigonometric function with non-zero boundary, and (c) step function. The black dots represent the original

function ranged in [0, 7] with 24 gird points.
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3+ & & (general circulation model, GCM)2| &8} v}
2 A7 Aeg ASsh] fs] riHE ZRAEo]
. Ullrich et al. 2012)ll= ©]& $3% o8 HFE
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3.1 &&d1: 3D deformational tracer transport

o] A% DCMIPI-1: 3D deformational tracer
transport Aot} A o= Auld vl (prescribed
wind fields)S wel 339 o2 g2 ol &2 (tracer)9]
SE WskE #Eelt). o] vl Nair and Lauritzen
(2010)01 A1 AFgt F+H FHEA AL 231 HHF
ASAHE 3R 45 A2 12¢ $ BE
wdo] Pue AN Bolows UYso] glom,
ughge] el gk AMgh FE= Ullich et al.
(2012)°]] 202 AT 71 E o] Ut vigs o
g} 2ol B2 2719 (150°E, 0°N, 5km), (210°E,
0°N, 5km) 9IAE F4HSE = FARRI W (cosine
bel) Fee] T2 H¥=S dAEo] giry. =dl
AR 717 129 Foll o] melgt £49] v
27} 27 A ZHE drepd Yoy JdeAE
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3.2 A& 2: Dry baroclinic wave development

o] 2% DCMIP4-1: Dry baroclinic wave development
Aot AA th7]9] Hi FHE BAKSE vpE &
T o] FANE i) AdEs FUtete] %
1597 AZE AEs AAIgTH
vhgte] YR AR, £ RS 270 0m s



AR =] slom, AH 1%‘ Al FelA FL 5
1000 hPaZ g = o] 2
27 Ex= xﬂEﬂTErg EA}OPZ 2% #3o] ¥
5 AR Ak 27178 digh 1ok zpAs A
L Jablonowski and Williamson (2006)9l14] ZS <=
At BANEF vlge] A5 (20°E, 40°N)] 91X =
FTAoZ FAGEOSRE JI9AIQF B ¥E(Gaussian
distribution)& WEE FEZ Fo4H o, F4
A A AE9 A7) 1m stk o] Ade A
13} 2] 48 gol 2= Zlo] oh7] Wil DFS_I
3} DFS 22 v|wd wj, SPH A2 71F0 & A9
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Er

4.1 MEH1
Figure 32 A1 235 RojFEr) A8 24 3§
e T126L30E FAEE I Aee 126019 A
207 3052 7FIY. Figures 3a-c& 2d A& 6
GE ﬁJrolﬂi vhego] M (deformation)o] 714 7+
3k AlFo|th. WHH Figs. 3d-f= 24 FE RUAZ
< X‘Ol o] Aol AR Fotee Al
% ol A3}= A RW DFS 13} DFS 2 2%
Ro)&tar, SPHe}F Bl
2 zpel7t gtk 12¢Alof TR &4
o] dje] AR & FotewH, vige] FHE"o| 7}
A AH‘%OL 6dA = BE ogtaiojrt SutE

3 ) tH(Lauritzen and Thuburn, 2012).

N,

s AnHom 2

60E 120E 180 120w 60W [ 60E  120E

60E 120E 180 120w 60W 0 60E  120E

0.0 0.2

180 120w 60W 0 60E  120E 180

180 120w 60W 0 0 60E  120E 180

EAS 391

Table 1. Normalized error norms for the idealized tracer
field at day 12, simulated from the SPH, DFS_1, and DFS 2
runs at T126L30 resolution.

SPH DFS_1 DFS 2
L 0.2408 0.2604 0.2605
Ly 0.2287 0.1581 0.1581
L., 02731 0.2593 0.2594

Table 12 12¥A]0] &7
I FFH o= vwg
39 L, Ly, L, J_Tr(normallzed L, L,, L, error)=

O 22 A eE ARtEY.

Yp. —
Ly(g) = % )
Sl — o
Ly(g) = % ©)
max| |p q{
Loo(q) - max|q | (7)

7|4 pre ZF Held 27 2749 sgsles B2
ke, gre 2 A 1294 =429 B=E vEbdTh
Figure 30141 7} o3stz1o} 7he] Fjol7} F5 wra
A B AAY, Atk LR/ 2ot FA]
2 TH(Table 1). SPH®} H]alsle] DFSe o %2 Ly,

120w 60W

120w 60w

0.6 0.8 10

Fig. 3. Tracer field at day (a-c) 6 and (d-f) 12 for the idealized 3D deformational flow, simulated by the (a, d) SPH, (b, e)

DFS 1, and (c, f) DFS_2 runs at T126L30 resolution.
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Table 2. Same as Table 1 but ratio of the area with negative
values to the total area at day 6 and 12.

SPH DFS 1 DFS 2

Day 6 43.77% 40.94% 37.03%

Day 12 44.95% 46.86% 44.11%
[E=AS

L, SFE Hols v L, 2F+ O WA Yee &
o] e Zol7t FSlEkA UehAl Geth 9,
DFS 13} DFS_29] Hlwo|AM= Al 7EX9] A tste

=k

ofe]

BEme} AL B8

o,

7F

Ao g ¥ A3yt ol gtk o] 4
o= DFS 27} DFS 19 HJ3] &2 F=7} 0 v
ol o] A yskth(Table 2). SPHE} DFSQ| ®
woA = 6dR A SPHE & 99 vlge] Y =
2, 1294914 DFS_ 13} DFS 2 A}o]¢] H] &S Ho]
= 5 BEgd +<ES 7 g Islth

_ =

4.2 M2
Figure 4= 2329 435 HoFEoh A8E Y
o] S T126L300]H, Fig. 40 BAJE A= &

0% ol 25 A AR AAF), 1 o] W A /1% 1024 2l 1 MEES] Bxoln)
7} mm gt Figures 4a-c&= ZFZ} SPH, DFS 1, 28] DFS 22 ©]
7R Apolde B Frrt 0 otz Helzke  85ke] Rog 850 hPa 712 SAEE olU)(Tyso)ol
Q019 W golth, ol Hao] vl S ofZ & Th o/l EAWF el AP Al 7} sl
FHE 92 BPWOR welgel Yo AT W A 2 w9 1S %] Bae AAs] BEolAh
ek #A4 5 shuolth B ARSSHE g A Figures 4d-f= 850 hPa H& 3k vlEt £ (Vs), L
ol o5 " = glo] A gle MF, F A 2] 3L Figs. 4g-iv A9 7194 (Py) B AHE e
2 Aol A7 Hed, B2 vEE EYsh= A ok Al A elA BF (235°E, 65°N)y= T2 A7
Foll= oA o3 FET7F 0 olFE A= =8 4 AgEoIL mg TA WES PIS B 3
@) SPH (b) DFS 1 © DFS 2
90N 90N = 90N =
24
60N - . 60N | ® o A 60N r . 12
/ / / °
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Fig. 4. (a-c) 850-hPa temperature zonal eddy (K), (d-f) 850-hPa meridional wind speed (m s™"), and (g-h) surface pressure (hPa)
at day 10 for the dry baroclinic wave development, simulated from the (a, d, g) SPH, (b, e, h) DFS 1, and (c, f, i) DFS_2 runs
at T126L.30 resolution.
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Fig. 5. Same as Fig. 4 but at T510L30 resolution.

om, IR MEOE JFAAN E T2 A7IPA &
SEol7h Wl e T AEAA A% s B
ol & yehdtl (235°E, 65°N)dl 9118 7kt 2
A719 gEolE DFSOlA & o 78l =oj=H,
(175°E, 55°N)ell $1=1sk Al WA A7 AgEole
SPHOlA & 1 ZstAl o=t B8, A7 &
gEolo] AdE FENE v £% oA SPHS
DFSE H|®3Pd ARE b2 A3E Holi Qi) §1A]
9+ DFS_1#} DFS_2 7+¢] zboli= SPHS} DFS 7He]
zpolof wls| wj-$- ww)slth. DFS_13} DFS 2 & %F
o] 25 3l FHo) 7t W] 2Ade] 1070 F
o] eapt o, exprt AZle AR oA &
A2 x| Aok F, Hd=et #AIRlel DFS 13
DFS 2 Alo]e] ©x}= DFS7} SPHell tiall Heol= #
ztel] HlshH ALl om7t gl FEdS & F A
Figure 5= Fig. 49 22 ZZAHd©] A9k, T510L30
o] FiHoR w2 79 RS o3 A A
olt}. Figure SIM= Al A A At dse 3
g7} & veptedl, Asid= A8 Fig. 49 vl ast
A= W SPHE ©]&3F A<l DFSE o83 A3} At

ole] Aol 443 F71sksith. DFS 13 DFS 2=
Fig. 49} vRVIA 2 A9l 722 AE B3t 4344
o7 Al Atatofe] At 7] Aol 2¥A IA] &
o vl &% 0m s A, AW 71 1000 hPa A 5
m- 2k Also® Rz Wt d9S A9
stale A9l Hst A3s Btk A= A
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Fig. 6. (a, d, g) 850-hPa meridional wind speed (m s™), (b, e, h) 850-hPa geopotential height (m), and (c, f, i) 850-hPa
temperature (K) at day 10 for the dry baroclinic wave development, simulated from the SPH (green), DFS 1 (red dotted), and
DFS 2 (blue) at the resolutions of (a-c) T126, (d-f) T254, and (g-i) T510 with the 30 vertical levels.

Table 3. The global maximum (max) and minimum (min) of 850-hPa meridional wind speed (Vgso; m s™'), 850-hPa
geopotential height (Zgso; m), and 850-hPa temperature (Tgso; K) for the dry baroclinic wave development at day 10, simulated
from the SPH (first line), DFS 1 (second line), and DFS_2 (third_line) runs at the horizontal resolution of T126, T254, and

T510.
Vgso (ms™) Zgso (m) Tgso (K)
max min max min max min
38.22 -32.67 1569.61 465.71 301.83 22347
T126 40.12 -28.04 1569.15 438.82 301.78 223.56
40.13 -28.08 1569.15 438.84 301.78 223.56
41.51 —38.66 1569.50 427.92 301.79 223.53
T254 40.38 -36.79 1569.17 399.78 301.78 223.56
40.40 -36.76 1569.17 399.80 301.78 223.56
44.92 —42.06 1569.69 416.75 301.78 223.56
T510 4428 —41.78 1569.28 403.54 301.78 223.56
4428 —41.79 1569.28 403.54 301.78 223.56
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Table 4. Comparison of wall-clock time (in second) required for 15-day forecast in the SPH, DFS 1, and DFS2 runs at the
resolutions of T126, T254, and T510. The parenthesis represents the relative ratio to the SPH’s wall-clock time.

SPH DFS 1 DFS 2
Spectral Transform 263 159 179
Semi-implicit 2.7 46.5 47
T126 Diffusion 03 8.0 8.1
Total 301 251 (83.4%) 270 (89.7%)
Spectral Transform 4424 2666 2940
Semi-implicit 27.3 598 670
T254 Diffusion 23 141 167
Total 4943 3614 (73.1%) 4161 (84.2%)
Spectral Transform 65517 23861 27204
Semi-implicit 309 8632 8782
T510 Diffusion 30 2322 2728
Total 638121 37148 (54.5%) 41061 (60.3%)
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